For any odd prime p we determine the p-period of the Farrell cohomology of Sp(p − 1, Z[1/n]) for almost all integers n ∈ Z. We use a relation between the p-primary part of the Farrell cohomology of this group and the Farrell cohomology of normalizers of subgroups of order p in Sp(p − 1, Z[1/n]).
Introduction
The Farrell cohomology is defined for any group G with finite virtual cohomological dimension (vcd G < ∞). It is a generalization of the Tate cohomology for finite groups. Let H * (G, Z) denote the Farrell cohomology of the group G with coefficients in the ring Z. For a prime p the p-primary part of H * (G, Z) is written H * (G, Z) (p) . We then have H * (G, Z) ∼ = p H * (G, Z) (p) where p ranges over the primes such that G has p-torsion. A group G of finite virtual cohomological dimension has periodic cohomology if for some d = 0 there is an element u ∈ H d (G, Z) which is invertible in the ring H * (G, Z). Cup product with u then gives a periodicity isomorphism
for any ZG-module M and any i ∈ Z. Similarly we say that a group G has p-periodic cohomology where p is a prime, if for some d = 0 there is an element u ∈ H d (G, Z) (p) which is invertible in the ring H * (G, Z) (p) . We recall that if G is a group with vcd G < ∞, then G has p-periodic cohomology if and only if every elementary abelian p-subgroup of G has rank at most 1. For more details see Brown [3] .
Let p be an odd prime and Sp(p−1, Z[1/n]) the symplectic group over the ring Z[1/n], 0 = n ∈ N. This subgroup of GL(p − 1, Z[1/n]) has finite virtual cohomological dimension and p-periodic cohomology. Our main results are the following. 
is y if and only if for each j | y a prime q | n exists with inertia degree f q such that j | p−1 2fq . If for some j no such q exists, the p-period is 2y. Theorem 4.6. Let p be an odd prime and let y be the greatest odd divisor of p − 1. Let (n i ) i 0 be an infinite sequence of n i ∈ Z with n i | n i+1 for all i 0. Then k 0 exists such that the p-period of H * (Sp(p − 1, Z[1/n i ]), Z) is equal to y for any i k.
For the proof of these results we use the following property that can be found in the book of Brown [3] : Let G be a group with finite virtual cohomological dimension such that each elementary abelian p-subgroup of G has rank 1. Then
where P is a set of representatives of conjugacy classes of subgroups of order p in G and N (P ) is the normalizer of P . Ash [2] uses this property in order to compute the Farrell cohomology of the group GL(n, Z) with coefficients in Z/pZ for an odd prime p and p − 1 n 2p − 3. Naffah [7] considers normalizers of subgroups of prime order in PSL(2, Z[1/n]) in order to compute the Farrell Cohomology of PSL(2, Z[1/n]). Glover and Mislin [6] show corresponding results for the outerautomorphism group of the free group in the p-rank one case. For the case p = 3 see also the result of Adem and Naffah [1] : they consider the cohomology of the group SL(2, Z[1/q]), q a prime, and use the fact that this group is an amalgamation of two copies of SL(2, Z).
It is well-known that if N (P )/C(P ) is a finite group whose order is prime to p, then H * (N (P ), Z) (p) ∼ = H * (C(P ), Z) (p) N (P )/C(P ) .
In order to compute the p-period of H * (N (P ), Z), we consider the action of N (P )/C(P ) on the centralizer C(P ) and on H * (C(P ), Z) (p) . We already know the structure of N (P )/C(P ) and of C(P ) (see [5] ). For primes p with odd relative class number h − the p-period of the Farrell cohomology ring H * (Sp(p − 1, Z), Z) is 2y where y is odd and p − 1 = 2 r y for some r > 0, r ∈ Z (see [4] ). The influence of the class number is due to the fact that a relation exists between the ideal classes of Z[1/n][ξ], ξ a primitive root of unity, 0 < n ∈ Z, and the conjugacy classes of elements of order p in Sp(p − 1, Z[1/n]). If we choose n such that Z[1/n][ξ] is a principal ideal domain the ideal class group is trivial. are Dedekind rings. For j = 1, . . . , p − 1 the Galois automorphism γ j ∈ Gal(Q(ξ)/Q) is given by γ j (ξ) = ξ j . To simplify the notations, we define x (j) := γ j (x) for any x ∈ Q(ξ) and γ j ∈ Gal(Q(ξ)/Q) as above.
The relation to algebraic number theory
Here a denotes the ideal generated by the complex conjugate of the elements of a. We define an equivalence relation on I:
Let [a, a] denote the equivalence class of the pair (a, a) and let I be the set of equivalence classes [a, a].
Let Y ∈ Sp(p − 1, Z[1/n]) be of odd prime order p. The conjugacy class of Y corresponds to an equivalence class [a, a]. Let
This defines an equivalence class [a, a]. This construction is used in [5] to show that a bijection exists between the set of conjugacy classes of elements of order p in Sp(p − 1, Z[1/n]) and the set of equivalence classes of pairs [a, a] ∈ I.
Subgroups of order p
The number of conjugacy classes of elements of order p and the centralizer of subgroups of order p in Sp(p − 1, Z[1/n]) is determined by the primes that lie over the primes that divide n. Let q | n, q = p be a prime. The ideal (q) ⊂ Z[ξ + ξ −1 ] can be written as a product of prime ideals q +
is the only prime ideal in Z[ξ + ξ −1 ] that lies over p. The Galois group G = Gal(Q(ξ)/Q) acts transitively on the set of primes that lie over q.
Theorem 3.1. The number of conjugacy classes of matrices of order p in
Proof. See Theorem 3.14 in [5] .
and lie over primes in Z that divide n.
Proof. See Theorem 4.2 in [5] . is
where deg(x) = 2 and deg(e i ) = 1, i = 0, . . . , σ. In particular
and the p-primary part is
Proof. Naffah shows in his thesis [7] (Proposition 5.10) that the entire ring of the Farrell cohomology of (Z/kZ) × Z l , l 1, is
where deg(x) = 2 and deg(e i ) = 1. In particular
Now the assumption follows from Theorem 3.2. For the p-primary part of the cohomology we have Proof. See Theorem 4.3 in [5] .
An action on the Farrell cohomology group of the centralizer
We first have to understand the action of N (P )/C(P ) on H * (C(P ), Z) (p) . We have
where x ∈ H 2 (Z/2pZ, Z) and e i ∈ H 1 (Z σ+1 , Z) = Hom(Z σ+1 , Z).
The action on the first factor
We know that N (P )/C(P ) is cyclic of order j where j | p − 1 and j is odd. Since N (P )/C(P ) acts faithfully on C(P ) (Theorem 4.2), the action of N (P )/C(P ) ∼ = Z/jZ on Z/pZ[x, x −1 ] is given by x → µx where µ ∈ Z/pZ is a primitive jth root of unity. Then x j → µ j x j = x j .
The action on the second factor
For the cohomology holds
Therefore we can consider the second factor to be the exterior product of a Z/pZ-vector space. Let the quotient N (P )/C(P ) ∼ = Z/jZ be a subgroup of the Galois group Gal(Q(ξ +ξ −1 )/Q). The free abelian part of the centralizer is given by the primes over n. Let q + 1 , . . . , q + σ be the primes in Z[ξ + ξ −1 ] that split in Z[ξ] and lie over the primes that divide n. Let p + be the prime over p. Any element w ∈ C(P ) can be written as
where w ′ is the torsion part and ε p ∈ p + , ε i ∈ q + i , i = 1, . . . , σ. For a given basis we define a homomorphism
and the dual elements e i ∈ Hom(Z σ+1 , Z), i = 0, . . . , σ, such that
The Herbrand unit theorem states that the basis ε p , ε 1 , . . . , ε σ can be chosen such that the Galois group acts as a permutation on this basis. Let E be the Z/pZ-vector space spanned by e 0 , . . . , e σ . The action of Gal(Q(ξ + ξ −1 )/Q) on the primes p + , q + 1 , . . . , q + σ defines the action on the basis ε p , ε 1 , . . . , ε σ and herewith the action on e 0 , . . . , e σ . So we can consider the action of N (P )/C(P ) to be the action of a subgroup of Gal(Q(ξ + ξ −1 )/Q). Let γ k ∈ N (P )/C(P ) be a generator, i.e. γ k (ξ) = ξ k and ξ k j = ξ. The group γ k ⊆ G = Gal(Q(ξ)/Q) permutes the primes that lie over q | n. So for each q | n with q prime and split, a corresponding subspace E q ⊆ E := Z/pZ(e 1 , . . . , e σ ) exists and this space E q is invariant under the action of the Galois group. We can study the primes q + i . Let q | n be a prime such that the prime q + ⊂ Z[ξ + ξ −1 ] that lies over q splits, i.e. q + Z[ξ] = qq. The order of γ k is odd, therefore we know that γ k fixes q (and q) if and only if γ k fixes q + . The order of G q = {γ ∈ G | γ(q) = q} is f q . For the action of N (P )/C(P ) on E, and herewith on E q , different cases can occur.
• If for q holds f q = 1, then the Galois group Gal(Q(ξ + ξ −1 )/Q) acts transitively on the primes q + i over q and the action of N (P )/C(P ) ∼ = Z/jZ on E q is a permutation of order j.
• If for q holds f q = 1, then the action of N (P )/C(P ) ∼ = Z/jZ is a permutation of order ( p−1 2fq , j).
• If for q holds f q = (p − 1)/2, then N (P )/C(P ) acts as the identity.
Therefore the action of N (P )/C(P ) on E q is a permutation of order c j,q := ( p−1 2fq , j). The eigenvalues of this action are c j,q -th roots of unity and E q is a direct sum of invariant subspaces E j,q of dimension c j,q . The characteristic polynomial of the restriction of the action of N (P )/C(P ) on the invariant subspaces E j,q is 1 − x c j,q . Therefore the characteristic polynomial of the action of N (P )/C(P ) on E is a polynomial of the form
where d j,q is the number of subspaces of E q that are isomorphic to E j,q . This shows that the eigenvalues of the action of N (P )/C(P ) on the space E are c j,q -th roots of unity and herewith, since c j,q | j because of the definition of c j,q , the eigenvalues are jth roots of unity µ k , k ∈ {0, . . . , j − 1}. For our purpose it is important which roots of unity occur as eigenvalues, but, as soon as it is nonzero, the multiplicity of those eigenvalues is irrelevant. is equal to j if and only if a prime q | n exists with inertia degree f q such that j | p−1 2fq . In the other cases the p-period is 2j. Proof. Let µ be a primitive jth root of unity. We consider the action of N (P )/C(P ) ∼ = Z/jZ on H 2k+m (C(P ), Z) (p) . Let e ∈ Λ m E have the eigenvalue µ l . The action of N (P )/C(P ) on x k is given by multiplication with µ k and therefore the eigenvalue of x k ⊗ e ∈ H 2k+m (C(P ), Z) (p) is µ l µ k . Since we are interested in the N (P )/C(P )-invariants of the p-primary part of H i (C(P ), Z), we are looking for the elements to the eigenvalue 1, i.e. 1 = µ l µ k , k + l ∈ jZ. The dimension of the eigenspace of Λ m E to the eigenvalue µ l is given by the coefficients 
The p-periodicity
The value of the polynomial where P is a set of representatives of conjugacy classes of subgroups of order p in Sp(p − 1, Z[1/n]) and N (P ) is the normalizer of P . Therefore the p-period of H * (Sp(p − 1, Z[1/n]), Z) is the least common multiple of the p-periods of H * (N (P ), Z) where P runs through the set of representatives. This multiple is equal to y if none of the periods is even and it follows from Proposition 4.3 that this happens if for each j | y a prime q | n exists with inertia degree f q such that j | p−1 2fq .
Let (n i ) i 0 be an infinite sequence of n i ∈ Z with n i | n i+1 for all i 0. Then Z[1/n i ] ⊆ Z[1/n i+1 ]. For each such sequence a k 0 exists such that Z[1/n i ][ξ] and Z[1/n i ][ξ + ξ −1 ] are principal ideal domains for any i k.
Theorem 4.6. Let p be an odd prime and let y be the greatest odd divisor of p − 1. Let (n i ) i 0 be an infinite sequence of n i ∈ Z with n i | n i+1 for all i 0. Then k 0 exists such that the p-period of H * (Sp(p − 1, Z[1/n i ]), Z) is equal to y for any i k.
Proof. Because of the theorem of the arithmetic progression (see [8] ), for every f = p, an infinite number of primes q exist with q f ≡ 1 mod p. Therefore it is possible to choose n such that for every f q | p − 1 a prime q exists with q | n and f q is the inertia degree of q. Therefore it is possible for every p to find n such that the p-period of H * (Sp(p − 1, Z[1/n]), Z) is equal to y. In every sequence (n i ) i 0 a n m exists with n | n m .
